We have first calculated the driving force of ! phase transformation (PT) based on the electron-phonon interaction Hamiltonian. The nucleation rate of PT has also been investigated in the interaction system. The condensation of one single phonon makes a great contribution to the formation of charge density wave (CDW) whose amplitude is related to the wavevector of phonon. Considering the electron-phonon interaction and the condensation of phonon, Double Sine-Gordon equation of atomic phase angle has been proposed to study the nonlinear characteristics of ! PT and the electron-phonon coupling mechanism is suggested as the main mechanism of nucleation.
Introduction
The ! phase can be formed by a bcc!! diffussionless transformation at low temperature and high pressure in the metals(e.g. Zr, Ti, Hf) and in the alloys(e.g. Cu-Zn-Al, ZrNb, Ti-Nb), as was first reported in the literature.
1) The accepted mechanism for this kind of transition is the collapse of the (111) bcc plane due to the softening of a single phonon, viz., the 2/3[111] longitudinal acoustic (LA) phonon observed in these systems. [2] [3] [4] [5] [6] [7] However, the origin of ! transition is still unclear and has been the subject of considerable interest and activity until now. It is suggested that the ! phase transformation (PT) is driven by the electron-LA phonon interaction based on the consideration that the premartensitic transformation and the precursor phenomenon are caused by the electron-transverse acoustic (TA) phonon in Ni 2 MnGa (Ref. 8) , Ni-Ti (Ref. 9) , and NiAl(Ref. 10) alloys.
The ! PT has also been investigated in the filed of nonlinear physics. Based on a discrete Sine-Gordon type potential within a lattice, Horovitz et al. attempted to establish a 1D solitary stacking-fault model in order to explain the domain wall in ! phase. 11) Sanati et al. (Ref. 12) have extended the Landau model of Cook (Refs. 13 and 14) for the ! PT by including a spatial gradient (Ginzburg) term of the scalar order parameter and studied the several types of domain walls by solving the equation for different physical parameters and boundary conditions. This model ignored the coupling of two parameters and could not obtain the driving force of ! transition. The elaborate frozen phonon calculations have been performed by Ho et al. on Zr, Nb and Mo metals to study the ! transition, which testify to the difficulties in determining the energy changes along the transition path and the structural instabilities. 15, 16) Garcés et al. have reported the equilibrium volume, lattice parameters, interatomic distances and the density of states at the Fermi level of the stable or metastable ! phase and determined the energy difference between bcc phase and ! phase at zero kelvin. 17) However, this energy change should not be taken as the driving force of bcc!! transition which is induced by quenching and dependent on temperature.
The main objective of present study is to consider the electron-LA phonon interaction and build the coupling mechanism of bcc!! transition including the origin of transition, the driving force, the nucleation rate and the nonlinear phenomenon.
Theory

System Hamiltonian
The interaction between electron and longitudinal acoustic (LA) phonon, H el{ph , is given by:
where
for the creation (annihilation) operators of electron and phonon, ! LA , M 0 and N are the LA phonon frequency, the mass of one ion and the number of ions, respectively, and e q denotes the polarization vector.
Considering
In the above equation, ÁE represents the electron selfenergy correction due to the electron-LA phonon interaction. Substituting M q into eq. (6), we have
Phonon selfenergy correction
It is generally considered that the lattice vibration leads to the ionic density fluctuation (denoted as Fourier components 
in which Q q is the canonical coordinate of phonon. 
The frequency of LA phonon (! due to the electron-phonon coupling during the ! PT.
3. ! Phase Transformation (PT)
The driving force of ! PT
The driving force of ! PT plays an important role in the thermodynamics of the structural transition such as the martensitic transformation (MT), but it is still not obtained in the framework of thermodynamics compared with the MT. It is suggested that ! transition could be driven by the electron-LA phonon interaction based on the experimental results, so the driving force (ÁG P!! ) of ! transition may be estimated as the interaction energy (E int ). Here, E int equals to E el{ph (the eigenvalue of interaction operator, H el{ph ) and satisfies the Schrödinger equation:
where describes the eigenfunction of electron-phonon system. It is difficult to solve the above equation directly. In the approximation that the change of electronic energy level is associated with the ! PT, the electron self-energy correction due to the interaction between electron and one single mode (
[111] LA ) can be considered as the driving force. Therefore, we have
By using eq. (13), we have calculated ÁG P!! of Zr, Ti metals and Cu-Zn-Al alloy which is shown in Table 1 . The critical driving force of these systems are 7.43mev/atom, 2.92 mev/atom, 27.1mev/atom respectively, which could not be calculated by using other models based on Landau theory. 12, 13) Compared with the energy difference (ÁE bcc!! ) between bcc phase and ! phase of Zr metal, its ÁG P!! is a little smaller. It is assumed that the wave vector of LA phonon changes little with the temperature which gives the relationship between electron self energy and the phonon frequency: ÁEðq 0 Þ / 1=! 2 q 0 (shown in Fig. 1 ) if the wave vector is taken as a constant. The softening of LA phonon Table 1 The critical driving force of ! PT in Zr, Ti metals and Cu-Zn-Al alloy. Fig. 1 The driving force at the critical temperature versus phonon frequency in Zr, Ti and CuZnAl. 954 J. Wan, X. Lei, S. Chen and Z. Xu manifests the strong electron-phonon interaction so as to supply more energy for the ! PT.
Metal and Alloy
T (K) Áh " ! q ¼ h " ! 0 q À h " ! q ÁG P!! ÁE bcc!! (mev) (
The nucleation rate of ! PT
According to the classical-thermodynamics theory of phase transition, the nucleation rate of transition (J Ã ) can be calculated by using the formula: J Ã ¼ J 0 expðÀÁG p!M =k B TÞ when ÁG p!M is derived from the statistic-thermodynamics. It means that it is unsuitable to use this formula to estimate J Ã of these systems because its calculation about the driving force is established on the electron-phonon interaction. We will consider it in the terms of electron-scattering process in the following.
Assuming that the process of ! transition is connected with the initial state (jii) and the final state(jf i) of the electronphonon system, J Ã corresponds to the scattering rate Wði ! f Þ from jii to jf i:
. During the ! transition in Zr, Ti and Cu-Zn-Al systems, electron is supposed to be scattered by the single phonon, q 0 ¼ 2 3 ½111 LA , and J Ã is given by
where n q 0 and " represent the number of phonon with wave vector q 0 and energy level of electron. Considering that n is so large at high temperature, it can be replaced by its average value ( " n n):
J Ã is rewritten in the following form:
Figures 2(a) and (b) show the relationship between J Ã and phonon frequency (or temperature) for Zr, Ti metals and CuZn-Al alloy. It seems that J Ã increases with increasing temperature and decreasing phonon frequency, which is in accordance with the experimental results that the ! PT occurs during the [111] LA phonon softening.
2-7)
Charge density wave (CDW)
The CDW nature of ! PT is not still firmly established. It is always known that the CDW instability should be precursored by a soft phonon mode with the wavevector q 0 determined by the Fermi surface nesting. It is necessary for us to obtain the relation between the charge density and the atomic displacement so that the origin of the CDW in the ! PT can be deeply understood.
The displacement of lth atom (u l ) due to the condensation of Combining eq. (19) and (20), el ðrÞ has the following form:
Therefore, the electron density ( el ) in the real system is the summation of the unperturbed average electron density ( where Aðq 0 Þ ¼ 1À"ðq 0 Þ "ðq 0 Þ N 0 ½e q 0 Á q 0 . Equation (22) gives the expression of CDW whose amplitude is related to the wavevector of LA phonon and the dielectric constant. It means that the ionic density fluctuation due to some special condensed LA phonon mode plays a crucial role in the formation of CDW, though each phonon branch could cause the corresponding variation of the charge density. In addition, the modulated wavevector of CDW may inherit from the condensation of the phonon mode instead of the phenomenological expression.
The nonlinear characteristics of ! PT
The nonlinear physics gives a new picture of the ! PT. The Landau model (Refs. 12, 13) and the solitary stacking-fault model (Ref. 11) gave the explanations for the domain wall during the phase transition. It is noticed that they all ignored the electron-phonon interaction, because the first model is based on the mean field theory and the latter on the microstructural analyses of the stacking faults. If the model is established on the electron-phonon coupling, the nature of ! PT and its nonlinear characteristics can be investigated more deeply. The preceding section is such an effort.
In equation (18) q Á r 1 þ l ¼ # l denotes the phase angle of lth atom, which indicates the modulation of atomic plane. For different q in the system, # l can always be written as:
Assuming that electron interacts with a single phonon at the critical point, the interaction energy of electron-single phonon (F el{ph ) can be obtained approximately:
where V j represents the interacting potential between electron and ion. The free energy of system reads
where A 1 , A 2 , A 3 are parameters. In the above equation, the first term represents the electron-phonon interaction energy, the second term describes the deformation energy associated with the condensation of LA phonon, the last term denotes the interfacial energy of ! phase /parent due to the atomic phase change. Minimizing F as a function of l requires
which stands for a stable system. This gives the following equation:
If l is replaced by l À 90 , eq. (27) can be rewritten as the classical Double Sine-Gordon equation:
where 
Here, , are parameters. Combining eq. (18) and (29), we can get the strain of ! transition which is parallel to the wave vector of LA phonon:
The interface of ! phase and parent with different atomic phase angles exhibits solitary wave shape shown in Fig. 3(a) . It is generally agreed that the strong electron-phonon coupling gives rise to the condensation of phonon, superlattice, CDW, and tweed structure. Fig. 3(b) shows the strain fluctuation which was also observed in the previous experiments(Refs. 21, 22, 23).
Conclusions
The ! phase transformation (PT) has been investigated by using the quantum mechanics in the present paper and some results are concluded as follows:
(1) The driving force of ! PT was first calculated based on the electron-LA phonon interaction Hamiltonian, which could not be obtained quantitatively by using Landau model. The values of the critical driving force for Zr, Ti metals and Cu-Zn-Al alloy are several mev/atom. (2) The nucleation rate of ! PT is considered as the electron scattering rate. Based on the calculation of the renormalized phonon frequency, the nucleation rate increases with increasing electron-LA phonon coupling, which is in accordance with the experimental result that the ! PT occurs during the [111] LA phonon softening. (3) The ! PT is driven by the electron-LA phonon interaction and the electron-LA phonon coupling mechanism may be taken as its main mechanism of nucleation. This kind of interaction is suggested to be the origin of the collapse of (111) bcc layers and to provide the excess energy for the transformation process. (4) The condensation of one single phonon makes a great contribution to the formation of CDW whose amplitude is related to the wavevector of phonon. Because of the response of electron to phonon, the electron density will be modulated in the local system due to the ionic density fluctuation caused by the condensed phonon, and eventually evolve into the observed CDW. (5) The nonlinear characteristics including superlattice and tweed structure during the ! PT have been studied from the established Double-SG equation of atomic phase angle based on the electron-phonon interaction and the condensation of phonon.
